1 The Halting Problem and Recursively Enu- 
merable Sets 


1.1 Preliminaries 


Definition 1. A set A CN is recursively enumerable (r.e.) if there exists a 
Turing machine that enumerates the elements of A. The class of all r.e. sets is 
denoted by X9. 


Definition 2. A set A CN is recursive if there exists a Turing machine that 
decides the membership problem for A, i.e., given any x € N, the machine halts 
and outputs 1 if « € A, and halts and outputs 0 if « ¢ A. The class of all 
recursive sets is denoted by A. 


Definition 3. The halting set K CN is defined as: 


K={a€EN| Turing machine x halts on input x}. 


1.2 The Halting Set is Recursively Enumerable 
Theorem 1. K € ©), i.e., the halting set is recursively enumerable. 


Proof. We can construct a Turing machine M that enumerates the elements of 
Kas follows: 

For each z € N, simulate the computation of Turing machine x on input z. 
If the simulation halts, output 2. 

This machine M will eventually enumerate all elements of K, so K € XY. 


1.3. The Halting Set is not Recursive 
Theorem 2. K ¢ AY, i.e., the halting set is not recursive. 


Proof. Suppose for contradiction that K € A. Then there exists a Turing 
machine H that decides the membership problem for K. We can construct a 
new Turing machine D that behaves as follows: 

On input x € N, simulate the computation of H on input x. If H outputs 1 
(indicating that « € K), then enter an infinite loop. If H outputs 0 (indicating 
that « ¢ K), then halt. 

Now consider the behavior of D on input d, where d is the index of D itself: 


e Ifd € K, then H outputs 1 on input d, so D enters an infinite loop on 
input d. But this means that d ¢ K, a contradiction. 


e Ifd ¢ K, then H outputs 0 on input d, so D halts on input d. But this 
means that d € K, a contradiction. 


Thus, the existence of a Turing machine H that decides K leads to a con- 
tradiction, so K ¢ AQ. 


1.4 Diagonalization and Self-Reference 


The proof that K ¢ A? relies on a diagonalization argument and self-reference. 
The Turing machine D is constructed in such a way that it behaves differently 
on input d (its own index) than the hypothetical machine H predicts. This is 
reminiscent of diagonalization arguments in set theory, such as Cantor’s theorem 
and Russell’s paradox. 


Theorem 3 (Cantor’s Theorem). For any set A, the power set of A (denoted 
by P(A)) has a strictly larger cardinality than A. 


Proof sketch. Suppose for contradiction that there exists a bijection f : A > 
P(A). Consider the set D = {x € A| a ¢ f(x)}. By the definition of f, there 
must be some d € A such that f(d) = D. But then: 


e Ifde D, thend ¢ f(d) = D, a contradiction. 
e Ifd¢ D, thende f(d) = D, a contradiction. 


Thus, no such bijection f can exist, so [P(A)| > |Al. 


The proof of Cantor’s theorem uses a similar diagonalization argument to 
the proof that K ¢ AQ. In both cases, a contradiction is derived by considering 
an object (a set or a Turing machine) that behaves differently than the assumed 
bijection or decision procedure predicts. 


1.5 Connection to Godel’s Incompleteness Theorems 


The undecidability of the halting problem is closely related to Gédel’s incom- 
pleteness theorems, which state that any consistent formal system containing 
arithmetic is incomplete and cannot prove its own consistency. 


Theorem 4 (Gédel’s First Incompleteness Theorem). Let T be a consistent, ef- 
fectively axiomatizable theory containing arithmetic. Then there exists an arith- 
metic sentence yp such that neither p nor 7y is provable in T. 


The proof of Gédel’s first incompleteness theorem involves constructing a 
self-referential sentence y that essentially states ”this sentence is not provable 
in T”. The undecidability of the halting problem can be used to prove Gédel’s 
first incompleteness theorem by showing that the set of all provable sentences 
in T is recursively enumerable but not recursive. 


Theorem 5. Let T be a consistent, effectively axiomatizable theory containing 
arithmetic. Then the set of all provable sentences in T is recursively enumerable 
but not recursive. 


Proof sketch. The set of all provable sentences in T’ is recursively enumerable 
because we can enumerate all proofs in T and output the sentences they prove. 

Suppose for contradiction that the set of all provable sentences in T is re- 
cursive. Then we could construct a Turing machine that decides the halting 
problem as follows: 


Given a Turing machine M and an input z, construct an arithmetic sentence 
(mM,« that states ” Turing machine M halts on input x”. Then M halts on input 
x if and only if yay. is provable in T. 

But this would imply that the halting problem is decidable, a contradiction. 
Therefore, the set of all provable sentences in T is not recursive. 


This proof demonstrates the close connection between the undecidability of 
the halting problem and Gédel’s incompleteness theorems. Both results rely on 
the existence of self-referential statements or computations that lead to contra- 
dictions when assumed to be decidable or provable. 


2 Conclusion 


In this paper, we have explored several set-theoretic isomorphs of the halting 
problem that provide intuitive and widely used perspectives on its undecidabil- 
ity. By relating the halting problem to the concept of recursively enumerable 
sets, we have shown that the halting set K is an example of a set that is r.e. but 
not recursive. The proof of this result relies on a diagonalization argument and 
self-reference, similar to those used in proofs of Cantor’s theorem and Russell’s 
paradox in set theory. 

We have also discussed the close connection between the undecidability of 
the halting problem and Gédel’s incompleteness theorems, which state that any 
consistent formal system containing arithmetic is incomplete and cannot prove 
its own consistency. The proof of Gédel’s first incompleteness theorem can 
be derived from the undecidability of the halting problem, demonstrating the 
fundamental role that self-reference and diagonalization play in both results. 

These set-theoretic isomorphs provide a deeper understanding of the halting 
problem and its relationship to fundamental concepts in computability the- 
ory, mathematical logic, and set theory. They also highlight the power and 
limitations of self-reference and diagonalization in proving undecidability and 
incompleteness results. 

Further research could explore other set-theoretic isomorphs of the halting 
problem and their connections to concepts such as the arithmetic hierarchy, the 
analytical hierarchy, and higher-order computability. Another direction could 
be to investigate the role of the halting problem and its isomorphs in the develop- 
ment of new proof techniques and the study of the foundations of mathematics. 


